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Abstract
In this paper I review the multiplet calculus of N = 1, D = 1 local supersymmetry
with applications to the construction of models for spinning particles in background
fields, and models with space-time supersymmetry. New features include a non-linear
realization of the local supersymmetry algebra and the coupling to anti-symmetric ten-
sor fields of both odd and even rank. The non-linear realization allows the construction
of a D = 1 cosmological-constant term, which provides a mass term in the equations
of motion.
∗ Dedicated to Jurek Lukierski on the occasion of his 60th anniversary.
1 Worldline supersymmetry
Supersymmetry, as a symmetry between bosons and fermions, was discovered
almost 25 years ago [1]-[3]. Apart from mathematical elegance, supersymmetry
has the quality of improving the short-distance behaviour of quantum theories
and has therefore been proposed as an ingredient of many models of physical
phenomena, most often but not exclusively in the domain of particle physics and
quantum gravity. Many of these applications are presently speculative, but it
was realized already early that supersymmetric extensions of relativistic parti-
cle mechanics describe ordinary Dirac fermions [4]-[7]. Supersymmetric theories
of this type are known as spinning particle models. They are useful providing
low-energy descriptions for fermions in external fields [7]-[12] and path-integral
expressions for perturbative amplitudes in quantum field theories [13]-[20]. They
are also useful in studying aspects of higher-dimensional supersymmetric field
theories and superstring models [21].
Like in string theory, in the discussion of supersymmetric point-particle mod-
els one has to distinguish between worldline supersymmetry, where the super-
symmetry concerns transformations of the worldline parameters of the physical
variables (proper time), and space-time supersymmetry which refers to supersym-
metry in the target space of the physical variables. Both types of supersymmetry
are encountered in the literature. In fact, in [22] a model was constructed pos-
sessing both types of supersymmetry simultaneously.
In the present paper I review the construction of pseudo-classical spinning
particle models with worldline supersymmetry. To this end I present the multiplet
calculus for local worldline supersymmetry (N = 1 supergravity in one dimension)
and construct general lagrangians forD = 1 supersymmetric linear and non-linear
σ-models with potentials; many elements of this formalism were developed in
[24, 25]. The coupling to all kinds of background fields, including scalars, abelian
and non-abelian vectors fields, gravity and anti-symmetric tensors is discussed in
some detail. I finish with the construction of a model which exhibits space-time
supersymmetry as well [22].
2 D = 1 supermultiplets
Supergravity models in 0 + 1 space-time dimensions describe spinning particles.
Indeed, the local supersymmetry and reparametrization invariance generate first-
class constraints which after quantization can be identified with the Dirac and
Klein-Gordon equations. Hence the quantum states of the model are spinorial
wave functions for a fermion in a d-dimensional target space-time.
The models I construct below are general N = 1 supergravity actions inD = 1
with at most 2 proper-time derivatives, and the correponding quantum theories.
Higher-N models have been considered for example in [26, 27]. Extended target-
1
space supersymmetry has been studied in [28, 29].
In one dimension supersymmetry is realized off-shell1 by a number of different
sets of variables, the supermultiplets (superfields):
1. The gauge multiplet (e, χ) consisting of the einbein e and its superpartner χ,
the gravitino; under infinitesimal local worldline super-reparametrizations,
generated by the parameter-valued operator δ(ξ, ε) where ξ(τ) is the com-
muting parameter of translations and ε(τ) the anti-commuting parameter
of supersymmetry, the multiplet transforms as
δe =
d(ξe)
dτ
− 2iεχ, δχ =
d(ξχ)
dτ
+
dε
dτ
. (1)
2. Scalar multiplets (x, ψ), used to describe the position and spin co-ordinates
of particles. The transformation rules are
δx = ξ
dx
dτ
− iεψ, δψ = ξ
dψ
dτ
+ ε
1
e
Dτx, (2)
where the supercovariant derivative is constructed with the gravitino as the
connection:
Dτx =
dx
dτ
+ iχψ. (3)
3. Fermionic multiplets (η, f) with Grassmann-odd η and even f . The f -
component is most often used as an auxiliary variable, without dynamics of
itself. The transformation properties under local super-reparametrizations
are
δη = ξ
dη
dτ
+ εf, δf = ξ
df
dτ
− iε
1
e
Dτη. (4)
The supercovariant derivative is formed using the same recipe as before:
Dτη =
dη
dτ
− χf. (5)
1The term off shell implies that the supersymmetry algebra is realized without using dy-
namical constraints like the equations of motion.
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4. A non-linear multiplet consisting of a single fermionic component σ with
the transformation rules
δσ = ξ
dσ
dτ
+ ε− iε
1
e
σDτσ, (6)
with the supercovariant derivative
Dτσ =
dσ
dτ
− χ+
i
e
χσ
dσ
dτ
. (7)
On any component of any multiplet the commutator of two infinitesimal varia-
tions with parameters (ξ1,2, ε1,2) results in an infinitesimal transformation with
parameters (ξ3, ε3) given by
[δ(ξ2, ε2), δ(ξ1, ε1)] = δ(ξ3, ε3),
ξ3 = ξ1
dξ2
dτ
− ξ2
dξ1
dτ
−
2i
e
ε1ε2,
ε3 = ξ1
dε2
dτ
− ξ2
dε1
dτ
+
2i
e
ε1ε2χ.
(8)
For the non-linear representation σ the proof requires use of the supersymmetry
variation
δ(ε)
(
1
e
Dτσ
)
= −iε
1
e
Dτ
(
1
e
σDτσ
)
= −iε
1
e
σDτ
(
1
e
Dτσ
)
. (9)
Then a simple result is obtained:
δ(ε)
(
1
e
σDτσ
)
= ε
1
e
Dτσ. (10)
It follows that each of these multiplets is a representation of the same local su-
persymmetry algebra, and this algebra closes off-shell. However, the parameters
of the resulting transformation depend on the components of the gauge multi-
plet (e, χ), indicating that the algebra of infinitesimal transformations is a soft
commutator algebra, rather than an ordinary super Lie-algebra.
Among the representations discussed, the gauge multiplet and the non-linear
multiplet have manifestly non-linear transformation rules. The variations of the
other two multiplets are linear in the components of these multiplets. For this
reason the scalar and fermionic multiplets are called linear representations of local
supersymmetry, although some of the coefficients depend on the gauge variables
(e, χ).
3
3 Multiplet calculus
The linear representations (scalar and fermionic) satisfy some simple addition and
multiplication rules; this tensor calculus has been developed in [25]. The rules
can also be formulated in terms of D = 1 superfields [24]. As concerns addition,
any linear multiplets of the same type can be added component by component
with arbitrary real or complex coefficients. The linearity of the transformation
rules then guarantees the sum to be a multiplet of the same type.
The multiplication rules are also simple. There are 3 different product for-
mula’s:
1. The product of two scalar multiplets Σ = (x, ψ), Σ′ = (x′, ψ′) is a scalar
multiplet
Σ× Σ′ = Σ′′ = (xx′, xψ′ + x′ψ) . (11)
This rule can be extended to arbitrary powers of scalar multiplets, for ex-
ample:
Σn =
(
xn, nxn−1ψ
)
. (12)
In this way one can define functions of scalar multiplets by power series
expansions.
2. The product of a scalar multiplet Σ = (x, ψ) and a fermionic multiplet
Φ = (η, f) is a fermionic multiplet
Σ× Φ = Φ′ = (xη, xf − iψη) . (13)
3. The product of two fermionic multiplets is a scalar multiplet:
− iΦ× Φ′ = Σ′ = (−iηη′, fη′ − f ′η) . (14)
Next I introduce the operation of derivation of scalar and fermionic multiplets; the
super-derivative on linear multiplets is a Grassmann-odd linear operator turning
a scalar multiplet into a fermionic multiplet, and vice-versa, with the following
components:
DΣ = Φ′ =
(
ψ, 1
e
Dτx
)
;
DΦ = Σ′ =
(
f, 1
e
Dτη
)
.
(15)
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On product multiplets this super-derivative satisfies the Leibniz rule, with in
particular the result
DΣn = nDΣ× Σn−1. (16)
The super-derivative satisfies an operator algebra similar to the supersymmetry
algebra:
D2 =
1
e
Dτ , (17)
where Dτ is the supercovariant proper-time derivative on components, encoun-
tered before in eqs.(3) and (5).
4 Invariant actions
1. Invariant actions can be constructed for the linear as well as the non-linear
multiplets. As there exists no intrinsic curvature in D = 1, there is no invariant
action for the gauge multiplet involving the einbein, but there is a very simple
action for the gravitino, namely
SΛ =
∫
dτ iΛχ, (18)
where Λ is a constant. The equation of motion for this action by itself is not
consistent (it requires Λ to vanish); but this is changed if one adds other terms
to the action, like the ones discussed below. Also, one can replace χ in the action
by dχ/dτ , but then the action becomes a total derivative.
A cosmological-constant like action can be constructed with the help of the
non-linear multiplet; it reads
Snl(σ) =
∫
dτ (e− iχσ − iσDτσ) . (19)
This is also the kinetic action for the fermionic σ variable, which in view of the
anti-commuting nature of σ can be only linear in proper-time derivatives. Note,
that the non-linear nature of the multiplet allows one to rescale the variable σ
and thereby change the relative co-efficients between the various terms in the
action. A rescaling of σ by a factor 1/c gives the action
Snl(σ; c) =
∫
dτ
(
e−
2i
c
χσ −
i
c2
σσ˙
)
, (20)
where I have introduced the dot notation for ordinary proper-time derivatives. Of
course, the rescaling also changes the non-linear transformation rule for σ under
supersymmetry to
δcσ = ξ
dσ
dτ
+ c ε−
iε
ce
σDτσ. (21)
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Combining the actions SΛ and Snl in such a way as to get standard normalization
of the fermion kinetic term for σ leads to the action (with the dimension of h¯)
Sgrav = mcSΛ −
mc2
2
Snl
= m
∫
dτ
(
icΛχ−
c2
2
e+ icχσ +
i
2
σσ˙
)
,
(22)
where m is a parameter with the dimension of mass and c has the dimension of
a velocity. The Euler-Lagrange equations for the fermions χ and σ then give
σ = Λ, χ =
1
c
dσ
dτ
= 0. (23)
Thus the constant Λ is like a vacuum expectation value of the fermionic variable
σ. However, the variation (21) of σ is such that for non-zero c it can be gauged
away completely by a supersymmetry transformation. Therefore it does not rep-
resent a true physical degree of freedom. Of course, this seems to contradict the
equation of motion (23), but we observe that also the equation for the einbein is
inconsistent, requiring the constant c to vanish. Again, these problems are solved
by adding further terms to the action. In applications c usually represents the
velocity of light, which can conveniently be taken as unity (c = 1).
2. Next we turn to a formula for the construction of invariant actions for linear
multiplets. Given a fermionic multiplet Φ = (η, f), an action invariant under
local supersymmetry transformations is
Slin =
∫
dτ (ef − iχη) . (24)
Note, that in eqs.(19) and (24) the integrand itself is not invariant, but transforms
into a total proper-time derivative:
δSlin =
∫
dτ
d
dτ
(−iεη) , (25)
and the same for δSnl with η → σ. Eq.(25) shows, that δS vanishes for variations
which are zero on the endpoints.
Eq.(24) can be applied to the construction of actions for scalar multiplets if one
applies an odd number of super-derivatives so as to obtain a composite fermionic
multiplet, sometimes called the (fermionic) prepotential. A simple example of
this construction is the free kinetic action for a scalar multiplet, constructed
from the composite fermionic multiplet
Φkin =
1
2
D2Σ×DΣ, (26)
Inserting the components of this multiplet into the action formula (24) gives
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Skin =
∫
dτ
(
1
2e
x˙2 +
i
2
ψψ˙ +
i
e
χψx˙
)
. (27)
If one extends this formula to d free multiplets Σµ = (xµ, ψµ), µ = 1, ..., d, then
using the appropriate minkowski metric it becomes the action for a free spinning
particle in d-dimensional space-time.
This is a special case of the most general action involving only scalar multiplets
and quadratic in proper-time derivatives of the bosonic co-ordinates x˙µ: the
D = 1 (non-)linear σ-model in a d-dimensional target space, constructed from a
fermionic multiplet
Φ [g] =
1
2
gµν(Σ)×D
2Σµ ×DΣν . (28)
Here gµν(Σ) is a symmetric tensor in the space of the scalar multiplets, which
can be interpreted as a metric on the target manifold. Using Φ[g] in the action
formula (24) gives the component expression
Skin [g] =
∫
dτ
(
1
2e
gµν(x)x˙
µx˙ν +
i
2
gµν(x)ψ
µDψν +
i
e
gµν(x)χψ
µx˙ν
)
, (29)
where D denotes a target-space covariant derivative
Dψµ = ψ˙µ + x˙λΓ µλν ψ
ν , (30)
with Γ µκν (x) the Riemann-Christoffel connection. The action Skin[g] is mani-
festly covariant in the target space. The symmetries of this action have been
investigated in detail in [30, 31], with applications to special target manifolds like
Schwarzschild space-time and Taub-NUT in [31, 32, 12].
The simplest action for scalar multiplets involves only one super-derivative.
It starts from the general fermionic multiplet (super 1-form)
Φ [A] = Aµ(Σ)×DΣ
µ, (31)
with Aµ(Σ) an abelian vector field on the target space. Inserting the components
of Φ[A] in the action formula (24) gives the result
Svec [A] =
∫
dτ
(
Aµ(x)x˙
µ −
ie
2
Fµν(x)ψ
µψν
)
, (32)
with Fµν the field strength tensor of the abelian vector field Aµ(x).
A similar construction can be carried out using arbitrary odd super p-forms
[24]. For example p = 3 gives
Φ [H ] =
i
3!
Hµνλ(Σ)×DΣ
µ ×DΣν ×DΣλ. (33)
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This gives an action involving the anti-symmetric 3-tensor Hµνλ(x):
Sodd [H ] =
i
2
Hµνλ(x)ψ
µψν
(
x˙λ +
2i
3
χψλ
)
+
e
3!
∂κHµνλ(x)ψ
κψµψνψλ. (34)
The inclusion of even p-forms is also possible, but requires one or more fermionic
multiplets; details are given below.
In the same spirit one can find odd p-form extensions of the kinetic term
Φ [G] = Gµν1...νp(Σ)×D
2Σµ ×DΣν1...× Σνp. (35)
For a discussion of these unconventional actions I refer to [24]. Finally, actions
with higher powers of D2 and/or with Dn (n ≥ 3) lead to higher-derivative
component lagrangians. I do not consider them here.
Combining the results for scalar fields, within the restrictions we have imposed
the general action for scalar multiplets is of the form
S [Σ] = mSkin [g] + qSvec [A] + αSodd [H ] +mcSΛ −
mc2
2
Snl. (36)
This action describes a spinning particle in background electro-magnetic and
gravitational fields, with the possible inclusion of torsion for α 6= 0. The first-class
constraints obtained from the equation of motion for the einbein and gravitino
are
m2gµν (x˙
µ + iχψµ) (x˙ν + iχψν) = −me2
(
mc2 + iqFµν(A)ψ
µψν −
α
3
Fκµνλ(H)ψ
κψµψνψλ
)
.
mgµν x˙
µψν −
iα
3
Hµνλψ
µψνψλ = mce (Λ− σ) .
(37)
Here Fµν(A) and Fκµνλ(H) are the field strenghts of the vector Aµ and 3-form
Hµνλ, respectively. Eqs.(37) are the pseudo-classical equivalents of the Klein-
Gordon and Dirac equations. Note that local supersymmetry can be used to
chose a gauge σ = Λ in which the expressions on both sides of the second equation
vanish. If c = 0 (absence of Snl and SΛ) the particle is massless. With the
inclusion of Snl (c 6= 0) the particle acquires a non-zero mass.
If the kinetic terms are normalized in the standard way, the relative co-efficient
q between the first two terms represents the electric charge of the spinning par-
ticle, as defined by the generalized Lorentz-force [11]. Then the anti-symmetric
tensor Dµν = qψµψν represents the electric and magnetic dipole moments. The
terms involving the 3-form Hµνλ(x) combine to form an anti-symmetric contri-
bution to the Riemann-Christoffel connection, representing torsion indeed.
3. Finally we turn to the construction of actions involving elementary fermionic
multiplets. To begin with, there is the simple action formula (24) linear in the
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components of a single fermionic multiplet. It involves no proper-time deriva-
tives, and therefore it can constribute only to potential terms. A natural and
straightforward generalization of this action involving r fermionic multiplets Φi,
i = 1, ..., r, is constructed from the composite fermionic prepotential
Φ [U ] = Ui(Σ)× Φ
i, (38)
with the Ui(Σ) a set of scalar-multiplet valued potentials. The component action
then is
Spot [U ] =
∫
dτ
(
eUi(x)f
i − iUi(x)χη
i − ieψµ∂µUi(x)η
i
)
. (39)
As the equation of motion for f i requires all Ui(x) to vanish, this action by itself
is useful only to impose constraints on the target manifold. This conclusion is
modified when additional (kinetic) terms are added to the action.
More complicated actions obtained using the multiplet calculus with both
fermionic and scalar multiplets must have an odd total number of fermionic mul-
tiplets and super-derivatives. Therefore the next complicated type of action in-
volves the product of two fermionic multiplets including a super-derivative. The
general form of the fermionic prepotential is
Φ [K] =
1
2
Kij(Σ)×DΦ
i × Φj , (40)
with Kij(Σ) a scalar-multiplet valued symmetric matrix. The component action
for this prepotential is
Sferm [K] =
∫
dτ
(
i
2
Kij(x)η
iη˙j +
e
2
Kij(x)f
if j −
ie
2
ψµ∂µKij(x)f
iηj
)
. (41)
It contains kinetic terms for the fermionic variables ηi, but the variables f i only
appear without derivatives and are auxiliary degrees of freedom. In combination
with the potential term Spot[U ] its elimination turns the constraints Ui into a true
potential, allowing the bosonic variables to fluctuate around the solutions of the
constraints Ui(x) = 0.
Other actions can be constructed by replacing some of the super-derivatives
DΣµ in the odd p-form prepotentials like Φ[H ] (33) by fermionic multiplets. I give
the details for the case p = 3. First consider a prepotential linear in fermionic
multiplets:
Φ [B] = −
i
2
Biµν(Σ)× Φ
i ×DΣµ ×DΣν . (42)
The potentials Biµν(x) define r anti-symmetric tensors (2-forms) on the target
space of the scalars. Thus this construction and its higher-rank generalizations
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allows the inclusion of even p-forms in the action. Substitution in the linear-
multiplet action Slin, eq.(24), gives
Seven [B] =
∫
dτ
(
−
ie
2
f iBiµν(x)ψ
µψν − iηiBiµν(x)ψ
µx˙ν +
1
2
χηiBiµν(x)ψ
µψν
+
e
2
ηi∂λBiµν(x)ψ
λψµψν
)
.
(43)
Next consider the case of a quadratic expression in fermionic multiplets. The
prepotential is
Φ [V ] =
i
2
Vijµ(Σ)× Φ
i × Φj ×DΣµ. (44)
The vector field Vijµ(x), anti-symmetric in [ij], takes values in a gauge group
G ⊆ SO (r) for r even (in the quantum theory this is always the case [19]). Thus
this action describes the coupling to Yang-Mills fields. After quantization the
fermionic variables ηi generate a Clifford-algebra representation of the group G
embedded in SO(r) on the particle wave-functions. The explicit expression for
the pseudo-classical action is
SYM [V ] =
∫
dτ
(
i
2
ηiηjVijµ(x)x˙
µ +
e
4
ηiηjF
(0)
ijµν(x)ψ
µψν + ief iVijµ(x)η
jψµ
)
.
(45)
Here F (0)µν represents the abelian (linear) part of the field-strength for the vector
field Vµ. The non-abelian part can be obtained by a proper choice of Kij in Sferm
and subsequent elimination of the auxiliary variables f i (see below).
Finally I consider the action cubic in fermionic multiplets:
Φ [T ] =
i
3!
Tijk(Σ)× Φ
i × Φj × Φk. (46)
The action constructed from this prepotential becomes
Sint [T ] =
∫
dτ
(
ie
2
Tijk(x)η
iηjfk +
1
3!
χTijk(x)η
iηjηk +
e
3!
ψµ∂µTijk(x)η
iηjηk
)
(47)
Comparison with the action Spot[U ] shows, that this action represents the coupling
to non-abelian scalar fields, where the generators of the group are again expressed
in terms of the rank-r Grassmann algebra. Extensions of these results to higher-
order forms are straightforward.
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5 Applications
The actions constructed above can be used to describe spinning particles in a d-
dimensional target space-time in various kinds of background fields: scalar fields,
abelian and non-abelian vector fields, anti-symmetric tensor fields, rank-3 anti-
symmetric torsion, etc. (Note that in four-dimensional space-time the rank-3
anti-symmetric tensor is dual to an axial vector field.) In this section I discuss
some special examples which are particularly useful in physics applications.
1. Yukawa coupling. One of the simpler cases is that of a spinning particle in
Minkowski space-time interacting with a scalar field. This situation is described
by the kinetic action with gµν = ηµν , the Minkowski metric, extended with the
action Sferm for the internal fermion variables in a flat background (Kij = δij)
and a potential term λSpot, where λ is the coupling constant:
SY uk = mSkin [ηµν ] + Sferm [δij ] − λSpot [U ] . (48)
The full component action is
SY uk =
∫
dτ
(
m
2e
x˙2µ +
im
2
ψµψ˙
µ +
im
e
χψµx˙
µ +
i
2
ηiη˙
i +
e
2
f 2i
−λeUi(x)f
i + iλUi(x)χη
i + iλeψµ∂µUi(x)η
i
) (49)
The auxiliary variables f i can be eliminated using their algebraic Euler-Lagrange
equation
fi = λUi(x). (50)
This gives the result
SY uk =
∫
dτ
(
m
2e
x˙2µ +
im
2
ψµψ˙
µ +
im
e
χψµx˙
µ +
i
2
ηiη˙
i −
e
2
λ2U2i
+ iλUi(x)χη
i + iλeψµ∂µUi(x)η
i
)
.
(51)
The constraints from varying the action with respect to the gauge variables are
m2 (x˙µ + iχψµ)
2 = −me2
(
λ2U2i − 2iλψ
µ∂µUiη
i
)
,
mx˙µψ
µ + eλUiη
i = 0.
(52)
The model describes a spinning particle in a relativistic scalar potential λ2U2i (x),
which may be dynamical. If this field has a vacuum expectation value λ2〈U2i 〉 =
11
mc2, it generates a mass for the particle, showing it can act as a Higgs field. This
mechanism of generating mass dynamically is an alternative to adding the non-
linear multiplet action. However, in some sense the two mechanisms are the same,
because the action for the linear fermionic multiplet (η, f) becomes identical with
the non-linear multiplet action Snl(σ; c) if one imposes the constraint that f = c,
a constant.
2. Yang-Mills coupling. A very interesting application from the point of view
of particle physics is the case of a spinning particle (e.g., a quark or lepton)
coupled to a vector gauge field Vµ(x) [7, 34, 35], a supersymmetric generalization
of Wong’s model [33]. Again, I consider ordinary Minkowski space-time and a
flat internal space-time. Then adding the vector action:
Sgauge = mSkin [ηµν ] + Sferm [δij]− gSYM [V ] , (53)
and eliminating the auxiliary variable f i by its Euler-Lagrange equation
fi = igVijµ(x)η
jψµ, (54)
the component action reads
Sgauge =
∫
dτ
(
m
2e
x˙2µ +
im
2
ψµψ˙
µ +
im
e
χψµx˙
µ +
i
2
ηiη˙
i + gV¯µx˙
µ −
ige
2
F¯ (V )µνψ
µψν
)
.
(55)
For convenience I have introduced here the Grassmann-algebra valued gauge field
V¯µ = −
i
2
ηiηjVijµ, (56)
and similarly for the field-strength:
F¯ (V )µν = −
i
2
ηiηjFijµν(V ) = ∂µV¯ν − ∂ν V¯µ − g [Vµ, Vν]. (57)
The equation of motion for a particle in a non-abelian background gauge field
then becomes
m
d2xµ
dτ˜ 2
= gF¯ (V )µν
dxν
dτ˜
−
ig
2
DµF¯ (V )λνψ
λψν , (58)
where dτ˜ = edτ and Dµ is the gauge-covariant derivative. The first term rep-
resents the non-abelian Lorentz force, the second one the Stern-Gerlach term
responsible for non-abelian spin–orbit interactions [11].
3. Gravity. The actions above can be easily generalized to include gravity, by
using a general curved-space metric gµν(x) in the kinetic multiplet rather than
the Minkowski metric ηµν . The internal-space metric Kij(x) however remains
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flat. The only new feature is then to change the kinetic terms to the general form
Skin[g], eq.(29).
4. Anti-symmetric tensor coupling. As a final example of the coupling of spinning
particles to external fields we consider anti-symmetric rank-2 tensor fields Biµν(x)
in curved space-time as well as internal space. The action to use is
Stensor = mSkin[g] + Sferm[K]− ySeven[B], (59)
where y is a coupling constant. The auxiliary variables f i now satisfy the equation
Kijf
j =
i
2
(
ψµ∂µKijη
j − yBiµνψ
µψν
)
. (60)
To solve it, we assume that Kij(x) is invertible. Elimination of the auxiliary
variables from the action then gives the component result
Stensor =
∫
dτ
(
m
2e
gµν x˙
µx˙ν +
im
2
gµν ψ
µDψν +
im
e
gµν χψ
µx˙ν +
i
2
Kij η
iη˙j
− iηiBiµν ψ
µx˙ν +
1
2
χηiBiµν ψ
µψν +
e
2
ηi Fiλµν(B)ψ
λψµψν
+
e
8
ηiηj
(
∂µK ·K
−1 · ∂νK
)
ij
ψµψν −
ye
4
ηi
(
∂λK ·K
−1
) j
i
Bjµν ψ
µψνψλ
−
y2e
8
Bµν ·K
−1 · Bκλ ψ
µψνψκψλ
)
.
(61)
Here Fiµνλ(B) = 1/3 (∂λBiµν + ∂νBiλµ + ∂µBiνλ) is the field-strength of the anti-
symmetric tensor field. When the internal metric is flat: Kij(x) = δij, consider-
able simplifications occur and the whole third line vanishes. In four dimensions
the product ψµψνψκψλ is proportional to εµνκλ, and the last term is of the form
B ·K−1 · B˜, where the tilde denotes the dual tensor.
6 Space-time supersymmetry
In all previous examples the fermionic multiplets were used to represent internal
degrees of freedom, connected with rigid or local internal symmetries. I conclude
this paper with an application where the extra fermionic variables represent space-
time degrees of freedom. This example is the spinning superparticle [22, 23],
which possesses both (local) world-line and (rigid) target-space supersymmetry
[36].
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For simplicity, I consider only space-times which allow Majorana spinors (d =
2, 3, 4 mod 8). In such a space-time one can define, in addition to the usual
co-ordinate multiplets Σµ, a spinor of real fermionic supermultiplets
Ψa = (θa, ha) , (62)
with a = 1, ..., 2[
d
2
]. More generally, in an arbitrary spinor basis we do not require
reality, but the Majorana condition
Ψ = CΨ¯, (63)
where Ψ¯ = Ψ†γ0 is the Pauli conjugate spinor, and C is the charge conjugation
matrix. Then the components (θa, ha) define an anti-commuting and a commuting
Majorana spinor in then target space-time, respectively. The super-derivative of
this spinor of multiplets is defined as in eq.(15).
Introducing the Dirac matrices γµ in the d-dimensional target space-time, I
next construct a d-vector of composite spinor multiplets
Ωµ = DΣµ −DΨ¯γµΨ. (64)
The components of these spinor multiplet are
Ωµ ≡ (ωµ,Πµ) =
(
ψµ − h¯γµθ,
1
e
Dτx
µ +
i
e
Dτ θ¯γ
µθ − h¯γµh
)
. (65)
From the spinor supermultiplets Ωµ it is straightforward to construct a fermionic
prepotential which is a Lorentz scalar in target space-time:
Φ [Ψ] =
1
2
ηµν DΩ
µ × Ων . (66)
The component action derived from this prepotential is
Ssuper =
∫
dτ
[
1
2e
(
x˙µ − iθ¯γµθ˙ − eh¯γµh
)2
+
i
2
(
ψµ − h¯γµθ
) d
dτ
(
ψµ − h¯γµθ
)
+
i
e
χ
(
ψµ − h¯γµθ
) (
x˙µ − iθ¯γµθ˙ − eh¯γµh
)]
.
=
∫
dτ
[
e
2
Π2µ +
i
2
ωµω˙
µ
]
.
(67)
A superfield derivation of this action has been presented in [37]. Similar models
in two-dimensional space-time describing spinning strings were constructed in
[38, 39, 40]. We observe that h is an auxiliary commuting Majorana spinor.
Contrary to our previous actions, in Ssuper these auxiliary variables in general
have a cubic and a quartic term, of the form γµhh¯γ
µh and (h¯γµh)
2. However,
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owing to the Fierz identities these terms vanish in four-dimensional space-time,
where the auxiliary variables only appear quadratically.
The action Ssuper has a huge number of symmetries. Except for local worldline
supersymmetry, I mention rigid target-space supersymmetry, under which the
gauge multiplet (e, χ) is inert, whilst the linear multiplets Σµ and Ψa transform
with an anti-commuting Majorana spinor parameter ǫ:
δxµ = −iθ¯γµǫ, δψµ = h¯γµǫ,
δθ = ǫ, δh = 0.
(68)
These transformations imply that the components of the multiplet Ωµ = (ωµ,Πµ)
in eq.(65) are invariant: δωµ = δΠµ = 0.
Then there is the Siegel invariance with anti-commuting spinor parameter κ
on the worldline, which takes the form
δxµ = iθ¯γµγ · Πκ, δψµ =
2i
e
h¯γµθ ˙¯θκ+ h¯γµγ · Πκ,
δθ = γ · Πκ, δh = −
2i
e
h ˙¯θκ,
δe = 4i ˙¯θκ, δχ = 0.
(69)
Under these variations the components (ωµ,Πµ) transform as
δΠµ =
2i
e
˙¯θγµγ · Πκ−
4i
e
˙¯θκΠµ, δωµ = 0. (70)
In addition there is a bosonic counterpart of the Siegel invariance [22] with com-
muting spinor parameter α:
δxµ = 0, δψµ = θ¯γµγ · Πα − 2θ¯γµhh¯α,
δθ = 0, δh = γ · Πα − 2hh¯α,
δe = −4eh¯α, δχ = 0,
(71)
resulting in
δΠµ = 2α¯γµγ · Πh, δωµ = 0. (72)
Still other symmetries can be found for the massless spinning superparticle, which
I do not discuss here. If one assigns the space-time supersymmetry transforma-
tion δσ = 0 to the non-linear fermion multiplet, addition of the mass term Sgrav
respects local world-line supersymmetry and space-time supersymmetry. How-
ever, in this case the Siegel transformations and their bosonic extension are no
longer invariances of the model.
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